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Ivan Burtnyak (Ukraine), Anna Malytska (Ukraine)

FINDING THE DERIVATIVE PRICE
USING THE VASICEK MODEL WITH
MULTIDIMENSIONAL STOCHASTIC
VOLATILITY

Abstract

Methods of calculating the approximate price of options using instruments of spectral analysis,
singular and regular wave theory in the context of influence of fast and slow acting factors are
developed. By combining methods from the spectral theory of singular and regular disturbances,
one can approximate the price of derivative financial instruments as a schedule of its own functions.
The article uses the theory of spectral analysis and the singular and regular theory of perturbations,
which are applied to the short-term interest rates described by the Vasicek model with
multidimensional stochastic volatility. The approximate price of derivatives and their profitability
are calculated. Applying the Sturm-Liouville theory, the Fredholm alternative, and the analysis of
singular and regular disturbances in different time scales, explicit formulas were obtained for the
approximation of bond prices and yields based on the development of their own functions and
eigenvalues of self-adjoint operators using boundary value problems for singular and regular
perturbations. The theorem for estimating the accuracy of derivatives price approximation is
established. Such a technique, in contrast to existing ones, makes it possible to study the stock
market dynamics and to monitor the financial flows in the market. This greatly facilitates the
statistical evaluation of their parameters in the process of monitoring the derivatives pricing and the
study of volatility behavior for the profitability analysis and taking strategic management decisions
on the stock market transactions.

stock market, Vasicek model, spectral theory, singular wave theory,
regular wave theory, stochastic volatility, implied volatility
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3HAXOAXXEHHA WIHNA AEPUBATUBY 3A
A0MNOMOIrorto MOAEI BACIHEKA

3 BATATOBMMIPHOIKO CTOXACTHUYHOIO
BOJIATUNBHICTIO

AHoOTauiA

PospobneHo MeTomu o04YMC/IEeHHS HabMOKeHOI LiHM OIIIOHIB 3a OIOMOTOK IHCTPYMEHTIB
CIIEKTPa/IbHOTO aHa/Ii3y, CUHIYIAPHOI Ta PeryIApHOi XBU/IbOBOL T€OPii Y BUIIA[Ky BIUIMBY LIBUKO-
Ta INOBIIPHOAIOYMX 4MHHMKIB. KOMOiHyI0UM MeTOAM 3 CHeKTpanbHOI Teopii CMHIYIApHMX i
perynapHux 30ypeHb, MOXKHA HaO/IVDKEHO 0OYMC/IUTY 1IiHY IOXifHMUX (piHAHCOBUX IHCTPYMEHTIB, K
Po3K/Iaj 3a BIaCHNMY GYHKIIAMIL. B cTaTTi 3a JOIIOMOT0I0 MeTOAIB TeOpii CIIeKTPaIbHOrO aHATIi3y
Ta CUHTY/ISIPHOI i pery/sipHoi Teopii 30ypeHb, AKi 3aCTOCOBaHi 10 KOPOTKOCTPOKOBMX BiICOTKOBUX
CTaBOK, 1[0 ONMCYIOTbCA MOZE/UII0 Bacideka 3 6araTOBMMipPHOI CTOXAaCTMYHOK BOJIATM/IBHICTIO.
O6uncneno HabmDKeHy IiHY AepuMBaTUBIB Ta iX HoXifHicThb. 3acTocyBaBmm Teopito ITypma-
JliyBinns, anprepHatuBy OpenrosbMa, a TAKOXK aHaJIi3 CHHTY/IAPHMX i pery/IApHUX 30y peHb B Pi3HUX
YaCOBJX IIKa/IaX, OTPUMAHO ABHI GOpMYy/M 1 HabmKeHb 1LiH 067iraniit Ta JOXifHOCTI Ha OCHOBi
PO3BMHEHHs 3a BIACHMMM (QYHKLIAMU Ta BIACHMMIM 3HAYEHHAMHU CaMOCIIPDKEHUX OIepaTopis 3
BYKOPMCTaHHAM KpailOBVX 3ajad JUI CHHTY/IAPHUX i PeryIApHMX 30ypeHb. BcTaHOBIEHO TeopeMy
OLI{HKM TOYHOCTi HaO/MVDKeHHA LiH fepuBaTubiB. Taka MeTonmka, Ha BiIMiHy Bif icHyH4YuX fae
MOX/IMBICTb MPOBOAUTY HOCTIMIKEHHs AMHAMIKY (QOHZOBOTO PUHKY i 3[i/ICHIOBATY MOHITOPHMHT
(iHaHCOBUX NOTOKiB Ha puHKY. lle 3HAYHO MOJIETHIYE CTATUCTUYHY OL[iHKY IXHIiX mapaMeTpiB B
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IIpOLleCi MOHITOPUHIY 1IiHOYTBOPEHH [NEePUBATUBIB Ta JOC/IIIPKEHHA NOBENIHKM BOMATU/IBHOCTI JI/IA aHA/Ii3y IOXiIHOCTI Ta NPUIMHATTA
CTpaTeriyHMX yIpPaBIiHCbKMX PillleHb OO0 3/i/ICHEHHA ollepallill Ha (POH/IOBOMY PUHKY.

KarwouoBi ¢cs10Ba (hoH/I0BUIT PUHOK, MOJIeNb Baciyeka, crieKTpabHa Teopis, CUHTY/LAPHA XBU/IbOBA T€OPisd, peryIapHa
XBUTbOBA TEOPIisl, CTOXaCTUYHA BOMATU/IbHICTD, iIMIIJIIKOBaHA BOTATU/IbHICTh
Knacudikauia JEL C65, G11, G13

BCTYI

CrekTpanbHi MeTony, € e(peKTMBHMM IHCTPYMEHTOM JyIsi LiHOYTBOpeHHs [epuBatuBiB. EdexTnsHe
3HAXOJ)KEeHH MIBU/IKOCTI 3MiHU pOCTy OPTQe aK1liil, Bemn4nHM GiHaHCOBOTO ITOTOKY, @ TAKOXK JOCTiKeHH A
TEMIIiB 3pOCTaHHS PUHKOBOTO MOPTdes, 10 3abesredye BUMip BHYTPIilIHbOI BOTATUIPHOCTI HA PUHKY B OY/ib-
AKUI MOMEHT 4acCy peajli3yeThCs 3a JOIOMOT 00 3aCTOCY BAHHA CIIEKTPAJIbHOI TEOPil CMHTYIAPHUX i pEryIApHUX
36ypeHb. BuntaTu 3a fepuBaTiuBaMy MOXKYTb Oy T IUISX03a/I€KHUMY, a IIPOLIEC, 110 IEKUTD B IX OCHOBI MO>Xe
HPOSIBIIATU CTPUOOK, IHTEHCUBHICTD SIKOTO 3a/IeKNUTD Bij 6araTroBuMipHOI BomatuiabHOCTI. LliHa fepuBaTuBiB
3a/IeXUTD Bifl CTOXaCTMYHOI BOATU/IBHOCTI, KA ONMCYETHCA MIIAX03a/IeKHUM NPOLeCOM. JHAXO/>)KEHHA LiHN
JlepMBaTUBiB 3BOAUTHCS 10 PO3BA3aHHA 3a/1a4i 3HAXOJI>)KEHH A B/IACHVX 3HAYeHb i BTACHNUX QYHKI[iil KOHKPETHOTO
PiBHAHHS, 1O BifNOBifjae maHiil Mopesni. Y 3arajbHiil Teopil po3I/AZAIOTHCA OLMBLI MIMPINI NPUIYIIEHHS
Ha CTOXaCTMYHI Ipolecy, 30KpeMa TaKi AK MapTUHTA/IbHI, ajle He 3aBXAM iCHye aHaIiTM4YHa GopMyrna [t
300pa)keHHs PO3B’I3KY TOMY MM IPUITYCKAEMO 1[0 ITPOLiecy MapKiBChbKi. AHamiTn4yHa popMa po3B 3Ky 3ajiadi
ITypma-JliyBinisa mae MOXIMBICTD OOYMCITIOBATY IiHY JAepUBATUBY, UIBUAKICTb pocTy mopTdens akiiil Ta
JOCTiI>KYBaTy BOTATWIbHICTb Ha PUHKY B OY/Ib-AKIII MOMEHT 4acy.

1. NITEPATYPHUW Ornaa

Mopeni AMHaMiKM KOPOTKOCTPOKOBMX BiICOTKOBMX CTaBOK poO3I/IAfanuch B pob6oTi Baciveka [16] pmis
IIiHOYTBOPEHHS JAepUBaTUBiB. S3HAUHNUIT BHECOK y TEOPil0 BifICOTKOBUX CTaBOK 3pobunu bpennan, lIBapr (3],
Xaj, Baiit [9], Kokc, Inrepcorn, Pocc [7], MopToH [15], a came: 3HaXOf)KeHHsI KPeJUTHOTO CIIPefly iIHCTPYMEHTIB
KPEIMTHOTO PUHKY, BUSHAYEHH A 1]iH OILIiOHiB Ha BiZICOTKOBY CTaBKY, BUSHAYEHH A pUSVKY i JOXOJHOCTI NOXiZHMUX
¢diHaHCOBUX iHCTpYMeHTIB (oHIOBOrO pMHKY. Po3pobieHi umu BUeHMMU MOJei MAalOTh CBOI IepeBaru Ta
HeZOJIiKM, ajle KO>KHA 3 HUX 3aCTOCOBYETHCS IS NiIBUILIEHH I TiKBiTHOCTI piHaHCOBUX pUHKiB. Bukopucranus
CK/IQIHIIINX MOJieTell, He3Ba)Xkalou Ha CBOI0 TEOPETUYHY OOIPYHTOBAHICTh, 3yMOB/IIOE OTPUMAHHS CKTaJHUX
6araronmapaMeTpMIHNX QYHKIiil KpUBOI IPUOYTKOBOCTI, a Ije CIIPUYMHSE 3HAUHI TOXMOKM B 004MC/IEHHSX.

BukopucroByloun crekrpanbuuii aHami3 JliHenpkuit [12] 3acTocyBaB CIEKTpaJbHY TeOpPil0 CaMOCIHPSKEHUX
omepatopiB [0 pi3HMX Mogfenei, a 30Kkpema g0 Mopeni Baciueka. B pob6ori Jlopira [14] posriagamucs
KOPOTKOCTPOKOBI BifICOTKOBi CTaBKM, OIMCaHi MOZE/UII0 Bacidueka 3 CTOXaCTMYHOK BOIATU/IbHICTIO, 3a/IEXKHOIO Bif,
ABOX (aKTOPiB, OfVH 3 AKX IIBUJKO, @ APYTUIT NOBIIbHO MiH/MMBI. B HamIiil cTaTTi CIeKTpanbHa Teopis Ta Teopis
CUHTY/IAPHUX i pery/IsAapHuX 36ypeHb 3aCTOCOBAHA /IO CAMOCIIPSDKEHNX OLIepPaTOpiB Y ribOepTOBUX MPOCTOPAX, AKi
OIINCYIOTD HpOLiecK 3 6araTOBUMIPHOI0 CTOXAaCTMYHOI BOMATM/IBHICTIO, 1[0 Ma€ [-IIBU/IKO MiHNMBYX, r-IIOBiTBHO
MinmmBux ¢akropis 21, r2l, IEN, r&N. 3okpema gaHa Teopis 3aCTOCOBaHA 10 KOPOTKOCTPOKOBMX BiICOTKOBMX
CTaBOK, IO ONMNCYIOTbCS Mofe/viio Bacideka. O6umcneHo HaOmkeHy ILiHy o6miramii Ta iX HOXigHICTB.
3actocyBaBmin Teopito Illtypma-Jliysinna, anbprepHatuBu Ppenronbpma, a TaKoX aHali3 CHHTYIAPHUX i
peryspHMX 30ypeHb B Pi3HMX YacOBMX IIKajIaX, MU OTPUMAa/M SABHi GOpPMyIM A/ HaOMDKeHDb LiiH obiramiit ta
poxifHocTi. A oTpuMaHHA ABHMX GopMy HOTpibHO poss’sazaTu 2l piBHAHb [lyaccoHa.

2. META AOC/NIAXKEHHA

Pospobka 3py4YHOro MifXORy BCTAQHOBJIEHHs OPI€HTOBHOI IiHM [lepMBAaTUBIB Ta iX JOXiZHOCTI MeTomaMmu
CIIEKTPaJIbHOI Teopil Ta XBUIbOBOI TeOpil 30ypeHb € MeTOI0 HOCif>KeHHs. Taki MigXoxy MaroTh 3aCTOCYBaHHS
IpM PO3B’SI3yBaHHI eKOHOMIYHMX 3aJja4 Ha 3HAXOJKEHHs KOPOTKOCTPOKOBUX BifICOTKOBMX CTaBOK, KPEAUTHNUX
CIIPENiB Ta CTOXaCTUYHOI BOJTATU/IbHOCTI IepUBaTUBIB.

20 http://dx.doi.org/10.21511/dm.17(4).2019.02
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3. METOAM AOC/IAMKEHHS

Hexait (Q, F, P) € mpocTopoM IMOBIpHOCTi, AKMII HMiJTPUMYE KOpelTbOBaHMII OpOYHIBCBKMIT pPyX
(We, W, L, WL, WEL L, W) | ekclOHeHIia/ibHa BUITaikoBa 3MiHHa e~Exp(l), sika € He3a/Ie>XXHOIO Bif
(W, W, L, WL WAL L, W), Mu 6ypieMo BBakaty, 1o ekoHoMika 3 (l+7+1) dakTopamu, onmcana
OJIHOPi/fHNM YacoM Ta HemepepBHMM Mapkiscbknm npouecom ¥ =(X,Y,,...Y,Z,,...,Z ), axuit Busnauennii
B JiesaKoMy npocropi cranis E=IR'R’, ge (Y,,...,Y)eR', (Z,,...,Z,)€R", I - intepBan B R 3 Toukamu € Ta
€, TakuMy, mo —0 < ¢ < e, <0 . My npunyckaemo, mo X Mae o4arok B E i MUTTEBO 3HUKAE, AK TinbKkyu X
BUXOIUTb 32 MeXi I. 30kpeMa, frHaMika X 3 Gpisu4HO0 Mipolo P, € HaCTYITHOI:

(X,.Y,,..Y.,Z
Zt:{ 1 1t X

w2 ;
UH ”)}’ r,>t, 7, =inf(t>0:X, ¢1),

7, <1,

ne(X,Y,...Y,Z

s Z), 3a/]al0ThCA

dXt = U(Xt)dt + a(Xt)f(Ylt, ...,Y]t, th, aasy Zrt)thx,
1 1 Yi . 7
dyj, = e—jaj(th)dt + J—e_jﬁ,(yjt)dm =1L

AZy = 8;;(Zi)dt +\/8:9:(Zi)dW,", i =1r.

dW*,Wi) = pyy dt, j=1L

. dA(W*, W), = py,.dt, i=1r.
AW, W), = py dt,
AW, W), = pyydt,  j=11 s=1]1
AW, W), = p,., dt, i=1n k=1r.

(X0, Y10) e+o» Y10) Z10s «+» Zrg) = (%, V105 - Y10 Z10» -» Zro) € E.

<1

ne Py, = 0, j=#r, p.. = 0,i#k, Pry,»PxzsPy 2> 33JOBONBHAIOTE  YMOBY ‘nyj 2| Puz, > » a

pyjzl-

KOpeALiiHi MaTpuLi BUAY:

Lpy P
py/x 1 IOy/z,-
pz‘c pz,-y] 1

. . 2 ) 2 . .
HaIBI0JaTHO BU3HAYeHi, TOOTO 1+2 Py, PPy =Py =P =Py 2 0, j=1L1 i=1,r.
I[Tpouec X Moxe perpe3eHTyBaT! 6araTo eKOHOMIUHUX SIBUIII, TA IIPOLIECIB.

Hanpuknapn, Benum4YMHy 3amaciB, LiHY iHAEKCY, HaJililHMII KOpOTKMI Bifcorok i T1.j. lle mmpme, X e
30BHIiIIHIN (AKTOp, KMl XapaKTepusye BapTicTh OyAb-sAKuX i3 sraganmux Buiie npouecis. Ilix ¢isuunoro
mipoto IP mpouecy X, posymitorb mporec X, axkuit mae mutTeBuit apeiid v(X) i cToxacTMyHy BONATUIbHICTD
aX)f Y,..Y, Z,.,Z) > 0, akuit MicTuTh O06UJBI KOMIIOHeHTM: JNOKanbHy a(X) i HemokambHy
fY oYy Z,.. 2, ). 3ayBaXUMO, 10 HECKiHYeHHO Masi reneparopu (indinirisemansui) s Y, Ta Z, MaioTh
BUTJISAN Vi’j.

http://dx.doi.org/10.21511/dm.17(4).2019.02 2 ’l
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s 11, 2 5, 1, 2
Ly :g_(gﬂf (yf)ay‘,-y‘,- +aj(yj)8yj L7, =9, 58 (z)02, +c(z)0, |,
J
1
XapaKTepU3yIOTbCs BeINYMHAMMI Z/ Ta 81, BigmoBigHo. TakuM 4MHOM, Y,..,Y Ta ZI, oo Zn MAalOTb BHYTPILIHIO

mKanay dacy & > 0i 1/6. > 0. Mu BBaxkaemo & << 1 i §. << 1, mo6 BHYTpilIHA IIKaa yacy Y, 6yaa Masomw, a
j i j i j

BHYTPIlIHA IKa/a 9acy Z Bemkow. OTxe, Y. ,j= 1,/, ue mBuaxo sminui pakropu, a Z, , i =1,n nosinbHO

3MiHHi akTOpK. 3ayBaXKUMO, 1110 28;/. Ta 2lsz MaloTb GpopMy BULY:
1
L zzaz (x)0% +b(x)0, —k(x), xe (e.e,), 3 k(x)=0,

s Bcix X1 e 3aBxam camocupsbkeHumn B linbbeproBomy mpoctop H=L*(I, m), ne IER intepBan 3
KiHISIMM €, 1 e, Ta M - WBUIKICTD II/IBHOCTI nugysii.

Dom(L){f e *(I,m): f,0.f € AC,.(I),&/T (I,m),BCs Ha ¢, Ta ¢,},

ne AC,. (I ) € IPOCTOpOM PYHKIIii1, abCOMIOTHO HellepepPBHMX Ha KOXKHOMY KOMITAKTHOMY Iifj-inTepBai I [13].
J10Bi YMOBU H T HaKII ThCSA I BUXITHUX, BXITHUX i peryIapHUX MeX.
Kpaitosi ymo ae, Ta e, HAK/TAJIAKThC i i ipe exX

Ouinnmo noxigHuil HiHHKMII Manip, 3 BUIIATOIO B Yac £ > 0, ska MOyKe 3a7IeXKaTu Bif TpaekTopii X. 3o0kpeMa, M1
po3rIsAHeMO (pOpMU BUILIATH:

Bumnara=H(X,)l

(r>t),
Iie T — BUITQIKOBUII MOMEHT 4Yacy, IIPOTATOM AKOTO € HeBUIIJIaTa IIpeMil IOXiJHOTO aKTUBY. /1 3HaXO[ KE€HHA

OLIiHKM IOXiJHMX aKTVBiB MM IOBMHHI BM3HA4UTM [OMHAMIiKy X, YL,..Yl, Z1,..,Zr) BigHOCHO Mipu npu
HeliTpanbHOMY pusKKy [P. Maemo Taky AMHaMiKy:

22 http://dx.doi.org/10.21511/dm.17(4).2019.02
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(dX, = (b(X) — a(X)f V1o s Yo Zag oor Ze) R (Yag, oo, Yie Zago s Zye) ) A
+a(Xo) f Yae oo Yo Zyy oos Ze) AW,

1 1 1 ~ Y
= (E_] a’j(}?t) - \/_E—jﬁj(yjt)Aj(Ylt: s Y1ty Lt ---:Zrt)) dt + Eﬁj(}’jt)th ',

dzy = (5iCi (Zi) — \/gigi (Zi);Yies oo Yie Zats ---»Zrt)) dt + \/Eigi (Z;)dW,™,

) d(W*, WYi), = Pry,dL, j=1,1

d(W*, W), = py,,dt, =1r.

AT, 0=y, 1T, (=T,

W1, W), = pyydt, j=11 s=1.1.

d(W2, W), = ppzdt, i=Tn, k=1n.
\ (Xo, Y105 s Y10, Z10s -1 Zro) = (X, Y105+ Y10 2105 -5 Zr0) € E,
e
i = thx+( v(X,)-b(X) +Q(Y,,, .. Y 2y, Zn)}”’

a(Xt)f(Ylt, .. Ylt,Z“,...,Zm)

AW =dw” +A (Y, ... Y. 2y, 2, ) dt,
AW =dW*+T (Y, ... Y\ 2. 2, ) dt,

Pyy =0, j#s, p.. =0, i#k.

Mu HakagaeMo Taki yMoBHu 1106 cucrema (1) Maja €MHMIT CUTBHUI PO3BSA30K.

BumanxoBuit yac T 4acoM IOXiZHOTO akTUBY. Y HAIIOMy BUIAAKY, AedonT Moxe BifOyTucsa ogHMUM i3 IBOX

CcIoco6iB:

1. Konu X Buxonutsb 3a intepnar I.
2. Y BUIaJKOBUII Yac T,, AKMM Kepye piBeHb PU3uKy /1 (Xt) >0.

e MO>XHa BUPA3SUTH HACTYITHUM YMHOM:

— A
t=1,"1,

T, =inf{t>0:X, 1},

_mf{z>0 [r(x,)ds=e(X.Y,, ... Y, Zl,...,Zn)},

e~Exp(1)]l .

3Ba’KMMo, 1110 BUNATKOBA 3MiHHA € He3a/Ie)XKHa Bifl (X, Y1 b ey Yl, Zl yeens Zn ) .

http://dx.doi.org/10.21511/dm.17(4).2019.02
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IITo6 BimcTexxyBatyu 7, MM BUKOPUCTAEMO iHAMKATOP MPOLIECY: D, = H{,Z,h B

ne D= {@t, t> O} - ¢imetp  mopomxenwmit D Ta = {&,t >0} -  dirprp reneparopa

(Wanyl s WL ) Bukopucraemo dinprpariio G= {ant 2 0}, Ie 6, =35VD,. 3ayBa>kumo,
0 (Xan ""YI’ZI""’Zn) npucrocosanifo G i T - wac synuuknu ({{T Sl}} €®, s BCIX ¢ > 0).

OuinyMMO MoXiHmit akTUB AeAKOTO BUTPAIY (BUIITATH), BUKOPUCTOBYIOYM HeMTPaTbHII PU3UK 11iHOYTBOPEHH A

. . . . 5 R . .
i Mapkiscpkmii nmanmior X, nina y° (t,x, Vigeo y,,zl,...,zr) [eSKUX MOXiJIHUX AKTUBIB B IMOYATKOBUIL
MOMEHT Yacy Ma€ BUTJIAJ;:

o N t
u (6,5, 9.9 215002, ) = B, R exp{ _[r dsj ( ]I{m}) ,
0

e 82(8],...,6‘/), 5':(5],...,6;), a (x,yl,...y,,zl,...,z,.)eE € I[0YaTKoBa TOYKa IIPOLECY

(X’Yla "'DYI’ZI""’ZT)-

3a gonomoroio popmynu Peitnmana-Kana [2], MoxkHa mokasary, 1110 u® (t X, Visees y,,zl,...,zr) 3a7I0BOJIbHAE
HacTymnHii 3agaydi Komi [13]:

(—8,+£2"?)ug’§:0, (yl,...y,,zl,...,zr)eE,te]R*, )
ugg(O,x,yl,...y,,zl,...,zr)zH(x), 3)

-5
ne omeparop £° Mae BurmAz:

P =, —L e

j=1

+ 1 \/7WI§I[ +z \lel +ZI a‘lmzl

__'B( ) yy,+aj yj)

£,=8,(y)p, a(x)f

Visew Vs Zroeens 2, )0 =N (Vs 22100002, ))0,

1
£y, =—a’ (x)fz(yl,...y],z,,...,Z}_)@ix;l-

2
( (x)—a(x)Q(y,.. y,,zl,...,zr)f(yl,...yl,zl,...,z,))ﬁx—k(x),
M, =p. B ()8 (2)0.,
Zl)(pxza f (- y,,zl,...,zr)ax—Fl.(yl,...y,,zl,...,zr))ﬁzi,
gf(z,)a +¢,(2)0., k(x)=r(x)+h(x), £,=2,.

J

Mu npunyckaemo, mo audysis 3 iniHiTiseMaTpHUM reHepaTopoM E;lyf Mae iHBapianTHMII posnopin II 3

minbHicTio 7(y;):

24 http://dx.doi.org/10.21511/dm.17(4).2019.02
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W 2a (0 —
ﬂ.i(yj):ﬁexp I;’—(;))dﬁ , Vi=11

Kpim noyarkoBoi ymoBu (3) dyukuis u® (t X, Visee y,,zl,...,zr) IIOBMHHA 3anOBonbg%?M Ha KiHIIAX € Ta
€ inreppany I xpaitosi ymosu. Kpaitosi yMoBu B TOuKax € Ta €, Hamexarb obmacti £° i6yayTb sanexxaru
Bifl mpupoay npouecy Ha kingax { rta k1acuikyoTbcs K OPUPOAHI, BUXifHI, BXifHI abo perynspHi
. . >
[2]. 3agaua Komi (2)-(3) gnsa (f,_al,...a,, [31,...,[3,, ALMAI, CprnsCp 8pone&p r,.. Fr) He MAa€ aHAJIITUYHOTO PO3BSI3KY.
Opnax pna  dikcoBaHoro §’, yMOBHM, fAKi MICTATD o Ta BiXUIAOTbCA AK 3aBrOJHO MaJjio
B £ -OKOJIi, 10 3yMOBJIIO€ CHHTY/IAPHI 30ypenHst. [Ins1 dikcoBaHOro €; yMOBH, SIKi MiCTATb O, € MaUMM [
JIESIKOTO MAJIOTO §' -OKOJY, IO CIIPUYMHSIE PErYIAPHi 30y peHHs. TAKMM YMHOM, £ -OKIZITa O -OKiJ Ja€ MoYaToK
00’€[HAHOMY  CHMHIYIAPHO- perynApHOMY sb6ypennio  (J(1) omepaTopa L. Onsa  Toro mo6
3HAITY ACUMIITOTUYIHUI PO3BA30K 3amaui Komi (2) (3) possunemo ;%% 3a crenensamm g , T /

TR S 35 30 SN BN ERON ERNN T N

i>0 205,20 ;>0

I 3 30 00 3 2SN RN AN £

i20 (2020 />0

m >0m,+1 =20

hmz Z Z(ﬂ \/7][\/7 \/j U iy

;=0 >0 ;20

m, = 0,...,m,,, —> o.

Hab6mxeHa niHa 064NCI0eThCA:
! r
U5+ 2% Uyt PINCUAS
Jj=1 i=1 !
1)

Bu6ip po3BMHEHHA B HANiBLI/INX CTEIEHAX €ira%e IIPUPOJHIM [ £

[IpoBomAYM aHa/Mi3 CUHTY/IAPHUX 30ypeHb HA Bif[OBIIHUX PiBHAX MM OTPUMAEMO, o HUg5» ”L,& > uﬁf He
3a71eXxaThb Bifl Vi,--- V.

4. PE3Y/IbTATU

OCHOBHI pe3ynbTaTy aCUMIITOTUYHOTO aHaJIi3y HaBeJleHi 3a JOIIOMOT 00 HaCTYITHUX popMyIt:

O( ) Z £01u2 7 (_a;+<£z>)“5@ =0, u636(0,x,zl,...,zr):H(x),

O(\/E):so,uwm ty g +(=0,+(EN ) 5+ Ly g+ L=

k#j i#j (4)

Au

770,00

U a(O,JC,ZI,...,Zn):O,
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e 1,=]0,..1,0,1,0,....0 |.
k J
3 aHami3y perynIsapHux 30ypeHb MaeMo:

O(& ) (=0, +(L))u, - =B uggo - (0.3%,200.0,2,) = i = L7 (5)
Oneparopu %27, A; B 1a 0. susmaueni sa dopmymamu:
<sp:%ahw¢m;+@4@_7§4x»@_k@y xe(g.e).

A, = v, a(x)0.a* (x) 2 —vy @ (x) 0% — Uy a(x).a(x)2, - Uy a(x)..

B =-v,a(x)0,-v, ma 0, =0, 00; f_ Vi = 8P () Vo= 8410, Vi =1,n Ta HOpMOIO

1

Xy, =X (v (,)dy, Vi=L1,
X =[ X3y (1) 7, () vy,
<X>14,1:J. X(yl,...y,)ﬂl(yl)...ﬂ,(yl)dyl...dy,’
<X>1_1,1:X’fQI=f_Q’f2:52

3HaliieMo po3B’A3KM PiBHAHD (4)-(5) Ha OCHOBI BracHuX (yHKIIili, BTACHUX 3HaueHb orepaTtopa {L,) , KoxHe 3
SIKMX 3aJ0BOJIbHSIE BifinoBiHe piBHAHHA [lyaccona [5]:

L@ :f2 _<f2>1 Ln®, :<f2>1 _<f2>1,2’ L@ = <f )i 2,1 <f )i .

Lo = fQ=(fQ), ,. 0177] <fQ>j—2,j—l _<fQ>j—l,j""’ Lol
= <fQ>z—2,1—1 _<fQ>l—1,l,

Teopema 1: mpumycTMO, 110 MY MO>KEMO PO3B’A3aTV HACTYIIHE PiBHAHHSA /1A 3HAXOJ)KEHH BTACHOTO 3HAUeHH A:

e, =AY, v, cdom((L,)), ©

atakox mwo H € H . Topi possasox 46,7 mae purman:

wy=Yew T, o =(v.H), T,=e™.

Teopema 2: mexait €, V¥, , T, OINCYIOTbCA 3a foromoroio Teopemu 1. Busnauumo:

Ajk,n = (Wk’AjWn), Upn= Al .

N

26 http://dx.doi.org/10.21511/dm.17(4).2019.02



Development Management, Volume 17, Issue 4, 2019

Topi poss’asok ¥

ZZC A/k MU, k. ZC Am WtT

n k#n

1,0 piBHAHHA (4) Mae BUTIAL:

3ayBaxxumo, mo Yy 0 € MHIHIM y IpyIIi mapaMeTpiB (& S 2j,u2j,ulj).
Teopema 3: mexait ¢, , ¥/, i 1, BusHaueni 3 Teopemu 1,a U 4., 3 TEOPEMMU 2 TO MaTUMEMO:
~ T -T tT
— — Tk
B = (vB0.). By =y By), vy =Ty 1T

5 .
(/7, -1 ) A =4
k n n
Topni posB’sI30k uﬁj MA€ BUTJIAL

u*7 —ZZC knl//k ZC in, aWn tT +ZZ(8 ¢ ) knl//k Z(a (& ) in, nl//ntT

n k#n n k#n

+ZZC ¥k (8 4, ) View = chlgin,nl//n (az,. 4, )%tsz

n k#n

u7 — . .o g | ! g | A
3BepHemo yBary Ha e, mo Y57 e mimiitamm B (V0 v, fQ,v,0v,, fQ)
OTprMaBIIN HAOMVKEHUIT PO3BA30K

s’ . 1 _ I
uf ~ uBJOJ + Zj:l \/E_juleof + Z?:]_ 6[% 1!

JUIA IiHM TIOXi/HOTO aKTUBY. [I/151 6i/bIIl TOYHOTO pe3y/NbTATy MPUITYCTUMO, 10 QYHKILiA Bummatu H (x) Ta Ii
TOXi/IHa IT0 Yacy € IMIafKMMU i oOMerxeHrMM PpyHKITisMu, TaKMM YMHOM, MY 0OMe>Ky€EMO Halll aHaTi3 lepUBaTUBIB
IJIAZIKOI0 i 0OMeXXKeHO0 BUTIIATOI0, B IbOMY BUIIA/IKY TOYHICTD OLIIHKM I'PYHTY€ETbCS Ha TaKill TeopeMmi:

Teopema 4: ms pikcoBaHUX (l‘, Xy Viseros VisZyse .,Zr) icuye crama C Taka, 10 A1 6yab-AKOTO g <1, 61, <1
MaEeMo:

A n 1 T
T U (S — , .
u U+ z Jejul—j'o, + z 6‘]’[511’5- = C(z €+ Z 8;).
j=1 i—1 j=1 i-1
Teopema 4 mae Ham iHdopMaIiito Ipo Te, K HaOMOKeHa 1IiHa Befie cebe mpn £>0 i0->0.
Hexait X saBnsioTh c06010 KOPOTKi BificoTKoBi cTaBKu. OffHi€I0 3 HAITOI/TBII HIMPOKO BiTOMUX MOfie/iell KOPOTKUX

KypciB BiZICOTKOBUX CTAaBOK € Mopenb Baciueka, B skiit X MopentoeTbcs Ak npouec OpHIITeliHa-YeHOeKa 3
6araToBUMipPHOK CTOXaCTUYHOK BONATU/IBHICTIO. 30KpeMa, [P nuHamiku X 3amaHi

ax, =(x(0-X,)-f (Y. ..Y.Z,,...2)Q(Y,, ., Y 2, L Z, ) )dt +
+f (Y, .Y, Z, . Z )+ dW, (X)) = X, h(X,)=0,

ne Y1> ---,Yp Ta Zla-"azr € WBUIKO i MOBIIbHO 3MiHHMMMU (GaKTOpaMu BOTATUIBHOCTI, SK OIMMCAHO.
O6uncmMo HabmKeny LiHy o6iranii 3 HyJTbOBMM KYIIOHOM.

3anuiiemMo omnepaTop <£2> i OB’s13aHi 3 HMM MI/IBHOCTI 31 MIBHUAKICTIO m(X)

1 _
(£,) :5028; +K(t9—x)8x—x, (7)
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IlTo6 3uaiiTm uiHy obmiranii 3 BuUIUIaTaMu H(X[)=]I{T>,} =1, notpibHo posBssatu piBHAHHA (7) Ha
3HaXO/)KEHHs BJIACHMUX 3HA4YeHb Ha Bifpi3ky I :(— @0, 00) s (£2) . Ockinpkn obuaBa KiHIi — 0 i © ¢

HPUPOSHMMIY TPAaHUILIMM, TO PO3BSI30K Ma€ BUrAL [11].

N2
l//n=Nnexp(—A§—1A2an(§+A), N =£\/EL]
2 " 7 2" n!
G Ji &

A=, §=?(x—§),/1n =5 =0

+xn, n=0,12.,

me H, - EpmitoBi noninomu.

3anuuieMo BMpasu s olepaTopis Aj Ta Bj :

A ==8,0,~(9,+1,)0, - 4,0,, B, = 9,0, -9,

Omneparopu Ajk,n > Bjk,n ) iBjk,n 3aIMCYIOThCSA HA OCHOBI PEKYPEHTHUX CIIiBBiTHOIIEHb:

aan = 2an—1’ 2XHn = Hn+1 +aan7 Ajk,n = _19J3
(3 S (2de )N, (B8
=m)\ Kk G ) (n-m)N,, " e

3 2](__1)2"” W) N,

m)\ k (n-m)\N,_, "

o
-4 i1 (__1)51« + 2{; n!.N‘n 5k -
U A W PR Y

-1 Nk nlN,
Bjk,n = _‘91 {(?j 5k,n +{ 5 J(n_l)!an 5k,nl}_9j05k,;19

B, :_95{(%][215%%)}% . (%j 4 J{%](L_i_ﬁj

— |l A= 3 =
c N\N20 Kk o©
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— I 1 —4 n' N 4 n!N
_'9ilfQ' 3 6k,n + " 5k,n—1 + — —né‘k,n—Z
K’ EK% (n=1)IN,, ) (n=2)IN,_,
— [r- !
3,70 1 5, 2 n'\N,

K2

o
,n+ E\/; (n—l)!j\/”Fl k,n—1

PospaxyHOK ¢, MOXXHa 3HaiiTH B [8]:

cn = (l//n b 1) = %\/%NnAneAZM'

Hab6numxeHa 1jiHa o6iranii Terep Moke OyTu po3paxoBaHa 3 BUKOPUCTaHHAM TeopeM 1-3.

[l o6iranii 3 HyTbOBYM KYIIOHOM, 4aCTO PO3IJIAIAI0Th KpMBY HIpUOYTKOBOCTI, @ He caMy 1IiHy obiramnii. loxip
R?%? B obrniranii 3 HyIbOBUM KYTIOHOM, 32 SIKOI0 BUIUIAYYETHCS OfMH JIO/IAD B MOMEHT 4acy BU3HAYAETHCA
4yepes CHiBBiJHOLIEHH:

u™’ = exp(—RE’Et).

. . . w60
OTpuMaeMo HaGMVOKEHHs i OOmiranii 3 HyJIbOBMM KyTIOHOM, PO3BMBAIO4M B PAJ, AK WiHu obmiranii, u”

TakuM i goxin R°° 3a cremeHsmu /g/ i85, :

! r ( i n
—|R_—=+XL_, JeR_—+FT ﬁRf—,)t

0,0 J 1,0 L0l

Jj=1 i=1 '

Rt Rt~ Rt
—e Y e R e S SR e
J71,,0 R
j=1 i=1

‘/8. .o
3rpymyBaBuin 1o crernenax V /i S, OTPUMAEMO:

3ayBa)kuMo, 110 PUCYHKY OYyIOThCs IIOKOMIIOHEHTHO B KOXKHIll BiiMOBifHII YacOBill IKasli, aHA/TOT{YHO 5K
[ IBOX KOMITOHEHT fIK B poborax [6] Ta [14].

5. OBrOBOPEHHA

B kiHIli MMHY/IOrO CTOMITTS yBary BueHMX (iHAHCUCTIB NpUBepHY/Ia npobieMa 3B5I3Ky MiXK L{iHOI0 aKTUBY Ta
jioro BojatmibHicTIO [10]. BcTaHOB/EHO, 1110 I1iHAa aKTUBY Befie cebe sIK BOMATUIBHICTD. Y Bigomilt Mopeni breka-
[IToynsa BomaTunbHICTDb € ctanoo [1]. Ile 3yMoBMIO HU3KY Ipallb A/ yTOUHeHHS Ljiel Mofeni. EMnipuunumn
JOCTi/[)KEHHSIMY BCTAHOBJIEHO, I10 BOMATM/IBHICTD € BMUIIAJKOBOKI BeIMYNMHOK 3ajIe)KHOI0 Bif 4acy [8, 12]. B
[5] 3ampoONOHOBAaHO aHAMITMYHI MOJENi, IJ0 MalOTh CTOXAaCTUYHY BOJATMIBbHICTh. [IOpiBHIOIOUM 3 MOJeIAMMN
reOMeTPUYHOTO0 OpOYHIBCBKOTO pyXy IepeBaru Mopeni Bacideka monsAraiorpe y ToMmy, w0 KoedilieHT
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HeCcTabi/IbHOCTI CIiBBiJHOCUTBCS 3 1IiHOIO PM3MKOBAaHMX aKTUBIB i MOXKe MMOSICHUTY eMITipUYHI yIepemKeHH,
TaKi SIK HeCTabiIbHICTh MOCMIIIKY BOMAaTU/IbHOCTI. Mopenb Baciueka 3a3Bu4ait 3aCTOCOBYETbCSA /1L PO3PAXYHKY
TEOpeTUYHOI IIiHY, Yy T/IMBOCTI Ta IepefbdadyBaHol BOMATUIBHOCTI fepuBaTusiB [16]. IIpoTsarom octaHHiX pokiB
npo6iemMa iHBeCTUIiil s IEHCITHOTO QOHAY € [Jy>Ke BaXK/IMBOIO, BUSABUIOCH, 110 PO3IIAHYTa MOJETb MOXKe
YCIIiNIHO 3aCTOCOBYBATUCA 11 BUBYEHH ONTYMAJIbHOI iHBECTULIIHOI CTparTerii.

Po3po6neno MeToay 064McIeHHs HaOMV>KeHO]I LjiHM [epUBaTIUBIB 3a JOIIOMOTOI0 iHCTPYMEHTIB CLIEKTPATTbHOTO
aHaJIi3y, CUHTYIIAPHOI Ta PeryasApHOl XBMJIbOBOI T€OPil y BUIIAAKY BIUIMBY HIBUJKO Ta IIOBiIbHO HAilOYMX
4 HHMKIB. KOMOiIHY 0491 METO/Y 3 CIIEKTPa/IbHOI TEOPil CMHTY/IAPHUX i peTyIpHUX 30y peHb, MO>KHA HAOTVKEHO
00YMCIIUTY LiHY MOXifHMX (PiHAHCOBMX iIHCTPYMEHTIB, K PO3KJIaj 32 BIACHUMMU QYHKLisIMIU.

Po3mmpeHo MeTOMKY 3HAXOH)KEHHs OpPI€EHTOBHOI LiHM [ IIMPOKOrO KJIacy IMOXigHMX (GiHaAHCOBMX
iHCTpyMeHTiB. BUKOpPUCTOBYI0UM CIIEKTPA/IBHY TEOPil0 CAaMOCIIPSKEHNX OIIepaToOPiB y riibbepToBOMY IIpocTopi
Ta XBWIBOBY TEOPil0 CUHTY/ISPHUX 1 peryasipHUX 30ypeHb BCTAHOB/IEHO aHAMITUYHY GOpMyny HabmmKeHoi
L[iHM aKTUBIB, SIKi ONMCYIOTHCS MOJE/IAMHI 3 CTOXaCTUYHOIO BOJIATH/IBHICTIO 3aJ/Ie>KHOI0 Biff [-IIBMAKO 3MIHHMX
Ta r-IOBI/IbHO 3MiHHMX UMHHMKIB, [ > 1,7 >1, [ € N,r € N inokanpHoi 3MiHHOI.

BUCHOBKMU

TakyuM 4MHOM y po6OOTi 3aCTOCOBAHO CIIEKTPATIbHY TEOPil0 Ta TEOPil0 CMHTYIAPHUX i perynsapHux 30ypeHb 1o
KOPOTKOCTPOKOBUX BiJICOTKOBMX CTaBOK, II[O OINCYIOThCS Mope/no Bacidyeka. O64mcieHo HabMVDKeHY LiHY
obmiraniit Ta ix goximHicTe. 3acrocyBasmnu Teopito Illrypma-JliyBinns, ansrepHaruyu Ppenronpma, a TaKoX
aHaJIi3 CUHTYIAPHUX i peTy/IApHUX 30ypeHb B Pi3HNX YaCOBMX IIIKA/IaX, MY MA€MO ABHi GOPMY/IN /1 HAOMMKEHb
1iH obmirani Ta goxigHocti. Ins oTpuMaHHA ABHUX GOpMYI OTPiObHO po3B’sizaTu 21 piBHsAHB [lyaccoHa.

OCHOBHOIO IIepeBarol0 Halloi MeTOAOJIOTii LIHOYTBOPEHHS € Te, 10, KOMOIHYI0OYM METOAM 3 CIEeKTPanbHOI
Teopii, perynspHoi Teopii 306ypeHb i Teopii CMHTYIApHUX 30ypeHb 3BOAMMO BCe [0 PO3BSI3aHHs PiBHAHb Ha
3HAXOJ)KeHHs BIaCHMUX (QYHKIill Ta BTAaCHUX 3HAYEHb.
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