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MULTIPLE-STEP VALUE-AT-RISK
FORECASTS BASED ON
VOLATILITY-FILTERED MIDAS

QUANTILE REGRESSION: EVIDENCE
FROM MAJOR INVESTMENT ASSETS

Abstract

Forecasting multiple-step value-at-risk (VaR) consistently across asset classes is hin-
dered by the limited sample size of low-frequency returns and the potential model
misspecification when assuming identical return distributions over different holding
periods. This paper hence investigates the predictive power for multi-step VaR of a
framework that models separately the volatility component and the error term of the
return distribution. The proposed model is illustrated with ten asset returns series in-
cluding global stock markets, commodity futures, and currency exchange products.
The estimation results confirm that the volatility-filter residuals demonstrate distin-
guished tail dynamics to that of the return series. The estimation results suggest that
volatility-filtered residuals may have either negative or positive tail dependence, unlike
the unanimous negative tail dependence in the return series. By comparing the pro-
posed model to several alternative approaches, the results from both the formal and
informal tests show that the specification under concern performs equivalently well if
not better than its top competitors at the 2.5% and 5% risk level in terms of accuracy
and validity. The proposed model also generates more consistent VaR forecasts under
both the 5-step and 10-step setup than the MIDAS-Q model.

Keywords risk forecast, multi-step forecast, mixed frequency;,
quantile regression, GARCH
JEL Classification C22,G10, G21

INTRODUCTION

Value-at-risk (VaR) forecasting plays an important role in financial
risk management. However, the extant literature on VaR forecasts
mainly focuses on single-period risk prediction, lacking a sound im-
plementation of extrapolating the single-period forecast to a multiple-
step ahead forecast. For example, while regulators often require banks
to measure their risk with a 10-day VaR at the 2.5% risk level, the
industry practice is, however, to convert the 1-day VaR directly into a
10-day VaR according to the rules of thumb. Such calculation ignores
the fact that the distributional characteristics of 10-day returns might
be different from those of daily returns. Two categories of methods
are commonly employed to predict multi-step-ahead VaR. The first
category is to convert daily return data directly to low-frequency data.
This conversion not only causes a potential loss of high-frequency in-
formation but also largely reduces the sample size, which is especially
problematic for model validation. The second category involves two
methods that transform the estimation of daily volatility into volatil-
ity estimation of multiple periods. The first method aggregates one-
step volatility forecasts of multiple periods into the volatility of lower
frequency returns with an iterating method. This method ignores the
fact that the prediction error increases with the forecasting horizon.

http://dx.doi.org/10.21511/imf1.18(3).2021.31



Investment Management and Financial Innovations, Volume 18, Issue 3, 2021

The second method is known as the square-root VaR extrapolating rule, which obtains the multiple-step
VaR via multiplying the one-step VaR by the square root of time. This rule adequately exploits informa-
tion in high-frequency series, but similar to the iterating method, it strongly relies on the assumption
that the distribution of low-frequency return series is the same as the daily return series (Brummelhuis
& Kaufmann, 2007). In general, these models focus on the multi-step conditional volatility forecast
and thus are unable to address the potential dynamics in the higher moments of the error distribution,
which may be essential for multi-step VaR forecasts. A framework is proposed to model the conditional
return volatility and the quantiles of error terms separately. Specifically, the quantiles of error terms are
modeled by a mixed frequency data sampling (MIDAS) quantile regression model of Ghysels (2014). The
proposed framework is illustrated with ten real asset returns to predict the 5- and 10-step-ahead VaR at
the 5%, 2.5%, and 1% risk levels. The proposed model is compared with several competing models and
their performance is evaluated with formal and informal tests. The results find that the proposed model
reveals more details in the quantile dynamics alone and improves the VaR prediction accuracy for 2.5%
and 5% multi-step VaR forecast. This improvement may be due to the alleviation of the misspecification

problem by using information sets and modeling the tail dynamics more flexibly.

1. LITERATURE REVIEW

This study is closely related to three main strands
of studies for forecasting the VaR, namely the one-
step VaR prediction, multi-step VaR measurement,
and mixed data sampling. This paper attempts to
integrate them into a unified practical approach.

First, there are three categories of the one-step
VaR forecasting models, i.e., non-parametric, par-
ametric, and semi-parametric. The non-paramet-
ric approach relies on historical data to simulate
VaR forecasts without putting forward a hypoth-
esis on the distribution of return series. The fil-
tered historical (Barone-Adesi et al., 1999, 2002)
and Monte Carlo simulations are most com-
monly used to obtain VaR prediction. While the
non-parametric approach is easy to understand,
it has been criticized for several reasons. For ex-
ample, its prediction value of VaR cannot exceed
the maximum loss in historical returns; the in-
dependent distribution assumption on return
series cannot address model misspecification is-
sues, and its slow adjustment cannot capture the
dynamic characteristics of the return series. The
parametric approaches make assumptions on the
return distribution and attempt to capture the
fat-tailed, volatility clustering, and negative skew-
ness features of the return distribution, according
to the findings of Fama (1965) and Bollerslev et
al. (1992). In industry practice, the RiskMetrics
model utilizes the exponentially weighted aver-
age model (EWMA) to measure the dynamics of
conditional volatility. Engle (1982) and Bollerslev

http://dx.doi.org/10.21511/imfi.18(3).2021.31

(1986) suggest the use of generalized autoregres-
sive conditional heteroscedasticity (GARCH)
models, and such models are further augmented
by Braun et al. (1995), Baillie et al. (1996), Ding
et al. (1993), Giot and Laurent (2003), Angelidis
et al. (2004), Kuester et al. (2006), and Lux and
Kaizoji (2007) to incorporate a range of charac-
teristics of return volatility. The semi-parametric
approaches focus on the tail distribution and use
extreme value theory (Bekiros & Georgoutsos,
2005; Christoffersen, 1998; Furid & Climent, 2013;
Karmakar, 2013; McNeil & Frey, 2000) and quan-
tile regression models (Koenker & Bassett, 1978;
Koenker & Park, 1996; Engle & Manganelli, 2004;
Taylor, 2005; Allen & Singh, 2010; Jian et al., 2016)
to forecast VaR.

Second, the multiple-step VaR is measured by ex-
tending the one-step-ahead model not only naive-
ly assuming the return distributions of different
time horizons are identical, but also involving a
more complicated multi-stage setup. Essentially,
there exist three common methods for multi-
ple-step VaR prediction - direct method, iterating
method, and square-root rule for extrapolating
VaR. The first two converts daily data into low-fre-
quency data. Marcellino et al. (2006) compare the
direct method with the iterating method on the
multi-step forecast for macroeconomic indicators
in the U.S. over 170 months. The results find the
iterating method to be the one producing more
accurate predictions. So and Wong (2012) derive
an exact analytical relationship between multi-pe-
riod and single-period conditional variance. It is
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concluded that the functional method outper-
forms several benchmarks for a 10-day holding pe-
riod on seven national market indexes. Lonnbark
(2016) estimates multiple-step volatility via the
Gram-Charlier expansion of the conditional den-
sity function and proves its superiority compared
to traditional prediction methods for 10-day-VaR.
Degiannakis and Potamia (2017) test the accura-
cy of the inter-day and intra-day volatility model
in estimating 10- and 20-day VaR. Empirics show
that the best performer depends on the risk levels.

Finally, more recent works highlight the im-
portance of resorting to MIDAS (Ghysels et al.,
2004) in computing VaR. Ghysels and Valkanov
(2012) indicate that lagged weighting function
in MIDAS can improve the down-converting
method by taking the advantage of highly par-
simonious parameterization and the flexibility
of lag-order selection.! Ghysels et al. (2006) are
the first to implement MIDAS on high-frequen-
cy intra-day returns in estimating daily volatil-
ity. Subsequently, Engle et al. (2013) propose the
GARCH-MIDAS model combining the GARCH
and MIDAS approach and use this model to de-
compose daily volatility into the long-term and
the short-term components. Ghysels (2014) pro-
poses the MIDAS quantile regression model to
estimate the quantiles of monthly and quarterly
return series using daily information. The esti-
mated quantiles for the upper and lower tail are
then used to calculate the conditional skewness
of developed and developing countries. In sum,
this paper proposes to capture the condition-
al tails of volatility-filtered error term using the
MIDAS quantile regression model, thus distin-
guish the second-moment risk modeling from
the third-moment risk modeling. The aim is to
model the different characteristics in the condi-
tional distribution more flexibly.

2. METHODOLOGY

This section describes the proposed forecasting
model for multi-step VaR, followed by the descrip-
tion of the formal and informal tests for model
validity.

2.1. Volatility-filtered MIDAS
quantile regression

The volatility-filtered MIDAS quantile regres-
sion model (denoted by F-MIDAS-Q hereafter) is
constructed by two steps. First,a GARCH(1,1)-t
model in (1) is fitted to model the return time
series.

I’; =u-+ O'té't
2 2 2
O-t - O!O + algt—l +ﬁlo-t—1 ’

& ~ t(v)

@

where o, is the conditional volatility of daily
return 7, and &, is the error term following a
Student-t distribution with a v degree of free-
dom, u is the mean of 7,. At the first step, the
multi-step volatility is estimated with both the
iterating method and the square root of time
criteria, and the estimate is denoted &tz. The

estimate of &,, denoted by e,, calculated by

e = (rt - u) /A 6‘3 , is the volatility-filtered resid-
uals taken from the first-step estimation.

Then, a multi-step MIDAS-Q framework of
Ghysels (2014) as defined in (2) is fitted to e, to
capture the tail dynamics of the error term, by al-
locating weights among lagged daily information
to predict the error quantiles of a lower frequency;,
say weekly.

q. (€. 0°" ) =70 + it (of")
D
Vi (a)a’h ) = ZWD—i (a’ﬁh )|et—1—i| > (2
i=0
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where 8%" is the parameter vector, whose values
change along with the holding periods and the
quantile levels. Let & be the quantile level and
h denote h -step ahead. D is the number of lags
of volatility-filtered residual e,, ¥, ; is the Beta
weighting function of the following form given by
Equation (3):

1 Due to the wide usage of the MIDAS approach, follow-up studies have extended the initial univariate MIDAS regression model to other
forms such as the multivariate MIDAS, nonlinear MIDAS, ADL-MIDAS, and DCC-MIDAS models (Ghysels et al., 2007; Andreou et al.,

2010; Conrad & Loch, 2015).
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when the Beta parameters @, =1 and @, > 1, the
Beta distribution decreases monotonically, which is
reasonable for financial time series, where more dis-
tant information usually has a smaller weight. Also,
assuming @, =1 can still maintain a large degree of
flexibility. This flexibility and parsimonious parame-
terization make the Beta function one of the popular
choices of weighting function in the MIDAS frame-
work. By this means, the conditional volatility and
the quantiles of error terms are modeled separately.
Therefore, multi-step VaR can be calculated by mul-
tiplying ¢, (e,,h ,0 a’h) by the multi-step volatility
forecast obtained in the first step.

. 3

2.2. Backtesting methods
and competing models

The proposed model is compared with a range
of classical and popular VaR forecasting models,
namely, (1) the semiparametric MIDAS-Q; (2) the
direct method with nonparametric historical sim-
ulation (DR-HS); (3) the square-root-of-time cri-
teria method with GARCH(1,1)-t (SR-GARCH-t);
(4) the iterating method with GARCH(1,1)-t (IT-
GARCH-t) and with the RiskMetrics IT-EWMA).
Each model is used to forecast 5- and 10-step-ahead
VaR at 1%, 2.5%, and 5% risk levels. The 1% risk lev-
el is a popular choice for daily VaR measurements.
However, Kinateder (2016) finds that capital re-
quirement based on VaR at the 1% risk level might
overestimate market risk, resulting in redundant
capital requirements. Basel Accord III also recom-
mends banks employ the 2.5% or 5% risk level to
predict the VaR of a longer holding period.

The out-of-sample performance of all these models
is evaluated from both the accuracy and validity
perspectives. The accuracy of prediction is meas-
ured by comparing the proportion of violations,
i.e., the actual return exceeding the estimated VaR
to the nominal risk level. Specifically, Equation (4)
defines the VolRate as the proportion of violations
in the whole backtesting period:

http://dx.doi.org/10.21511/imfi.18(3).2021.31
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If a model accurately forecasts VaR, VolRate

should be close to the risk level «. The ratio of
VolRate/ o is denoted as p,. p, >1 indicates
that the violation rate is larger than the nominal
risk level and the model underestimates the risk
on average. On the contrary, p, <1 implies over-
estimation. Formal likelihood-ratio tests are em-
ployed to test the dependence structure of VaR
violations. Three categories of likelihood-ratio
tests are considered: the frequency tests, the in-
dependence tests, and the hybrid tests. The fre-
quency tests consider whether the actual number
of VaR violations is significantly different from
the expected number. This category includes the
traffic light test (TL), the binomial test (BIN), and
the Kupiec (1995) likelihood-ratio test (POF).
The independence test examines the independ-
ence of each violation, and this paper employs
the Christoffersen (1998) interval forecast meth-
od (CC) and the time-between-failures test (TBF).
The hybrid test combines Kupiec likelihood ra-
tio and the CC or TBF independence statistic to
construct a test which is referred to as the CCI or
TBFI test. Therefore, in total there are seven tests
to be applied to the forecasts. Moreover, the model
validity is reflected in the degree of excess losses
based on the loss function (Lopez, 1996; Caporin,
2008; Abad, 2014) defined by Equation (5):

2
o : a
. J1+(r,—VaR?,) , ifr,, <VaRf,

C =
: a
0, ifr,, 2VaR’,

t

®)

Cc* :ZT:cL

t=1

3. EMPIRICAL RESULTS
AND DISCUSSION

3.1. Data

The data are sourced from the Wind database, con-
sisting of five representative stock markets index-
es, namely the U.S. S&P500 and NASDAQ index,
the Hong Kong Hang Seng Index (HSI), the U.K.
FTSE100 index, and the Japanese Nikkei N225
index, and two commodity futures, namely the
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ICE Brent crude oil contract (OIL) traded in the
London Exchange and the COMEX gold futures
(GOLD) traded in the New York Exchange, as well
as three currency exchange rates, namely CAD/
USD, EUR/USD, and USD/GBP. The period spans
from February 1, 1991, to March 30, 2018, with
6,640 daily observations for each asset. Daily log-
arithmic returns based on closing price are adopt-
ed.” Consistent with the Basel Accord III where
VaR as capital reserve figure is calculated during
a 10-day holding period, this paper considers 5-
and 10-step-ahead VaR prediction. Multiple-step
returns are obtained by summing up the daily or
single-period returns.

Table Al in Appendix A summarizes the descrip-
tive statistics of 10 asset series of daily, 5-step,
and 10-step returns. It can be found that most
assets have close-to-zero average daily returns,
while, over a longer holding period, some assets
gain a small positively average return. It can al-
so be observed that return fluctuations increase
with the holding time horizon, and currency ex-
change rates are the least volatile series while the
oil futures return is most volatile. As for higher
moments, a majority of asset return series have
slightly negative skewness and may become more
negatively skewed when the holding period in-
creases. For example, S&P 500 return series are
not as volatile as OIL, but it has a greater higher
moment risk — S&P 500 has a daily return skew-
ness of —0.403 but 5-day return skewness as low as
-1.811. On the other hand, GOLD and CAD/US
has positive return skewness for all three frequen-
cies. Risk-averse investors may prefer for assets
with positively skewed assets but request extra risk
premia for the higher moment risk for negatively
skewed assets (Chen et al., 2001; Patton, 2004). It
merits a note that, as the holding period increases,
the deviation of the kurtosis from the normal dis-
tribution is weakened. This observation suggests
that picturing the third-moment dynamics is im-
portant in capturing the tail risk in the asset re-
turn distribution.

The Jarque-Bera statistics are also computed to test
the normality. As the p-values of the Jarque-Bera
test fall far below 0.001 for all series, it can be con-

cluded that none of the asset returns is normally
distributed. All return series are tested stationary
since the p-values of the ADF unit root test are
far less than 0.001. To test the rationality of the
GARCH volatility model, daily returns are tested
by ARCH tests. The p-values of ARCH tests turn
out to be far less than 0.001 with a lag order of 5,
which suggests that the null hypothesis that the
squares of returns are not auto-correlated is reject-
ed. This is also confirmed by examining the auto-
correlation and partial autocorrelation functions
of squared residuals.

3.2. Estimation results
of F-MIDAS-Q model

The estimation results of the F-MIDAS-Q model us-
ing whole sample data are shown in two parts. Table
A2 presents the estimation of the GARCH(L,1)-t
component and Tables A3 and A4 present the esti-
mation results of the F-MIDAS-Q model for the er-
ror term under the 5-day and 10-day holding peri-
od, respectively. It can be found from Table A2 that
the coefficients of both the GARCH and ARCH
terms ( B, and al) are significant. As expected,
B, is estimated greater than ¢,, and their sum is
estimated close to 1, indicating high persistence in
the conditional volatility. The estimation of the de-
gree of freedom v ranges from 3 to 9, implying that
the return distributions are fat-tailed. The focus is
on the estimation results of F-MIDAS-Q on the
multiple-step residual &, ,.

Ascanbeseen from Table A3, concerning the 5-day
holding period, the intercept coeflicient 7;‘3 is es-
timated significantly negative at a 1% significance
level for all assets and all three quantile levels,
which is consistent with the lower (left) tail mode-
ling. The slope coefficient }/}"lh of the lagged resid-
ual is estimated significant at a 10% significance
level for all assets except EUR/USD for all three
quantile levels, HSI, FTSE100, and CAD/USD at
2.5% quantile levels, as well as S&P500, N225, and
EUR/USD at 5% quantile level. Thus, most assets
demonstrate significant tail dependence in their
conditional error distribution. Furthermore, the
tail dependence is mostly positive, that is a neg-
ative shock (isolated from volatility) is likely to

2 For crude oil and gold futures, the settlement price (i.e. the weighted average price of the transaction price in the last hour of a trading day)
is used instead of the closing price to calculate returns. This is because their closing prices only reflect the price of the last transaction in

a trading day, hence leading to unexpected fluctuations.
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contribute to the left tail. Considering the most
significantly positive }/?lh being greater than 1,
it further suggests a negative shock induces more
extreme tail values. The observation is that, for
HSI, FTSE100, and GOLD, the sign of }/?lh has
significant changes among the three quantile lev-
els. It seems that, for the same asset, different risk
levels may utilize the past shock information dif-
ferently. As for the coefficient in the weighting
function a)ﬁf’h, i.e, @, in Equation (1), the esti-
mates are greater than 1 for most assets, indicat-
ing monotonically decreasing weights for lagged
information, the larger the value, the faster the
weight decays to 0. For example, the error quan-
tiles of GOLD at all three levels tend to depend on
the most recent shocks, while the error quantiles
of NASDAQ tend to be influenced by distant in-
formation sets. Different a)?’h for the same asset
across different quantile levels also suggests that
the proposed model is flexible at capturing the dy-
namics in the tails.

An examination of the results for the 10-day hold-
ing period in Table A4 shows that }/}’g and 7/}7‘1”
are estimated significant for most assets across
three quantile levels. }/;’:g is still estimated neg-
ative for all assets, however, the signs of the coef-
ficient for lagged information tell a different sto-
ry compared to that for the 5-day holding period.
Now at least half of 10 asset return series demon-
strate negative tail dependence at each quantile
level. It suggests a negative shock may be followed
by a value in the opposite (right) tail, thus result-
ing in mean reversion, which is more likely to oc-
cur for a longer holding period. Again, the sign of
7}’{“ has significant changes among three quantile
levels for three assets, NASDAQ, HSI, and EUR/
USD. Similar to the setup of the 5-day holding pe-
riod, the weighting parameter a);'f’h is estimated
with values ranging between [0.582, 43.970], and
most values are above 1.

Interesting findings can be further revealed by com-
paring the estimation results of the F-MIDAS-Q
model to those of the MIDAS-Q model directly
fitted on the return series. To save space, the re-
sults of MIDAS-Q are not reported but availa-
ble upon request. The main difference lies in the
estimates for the MIDAS slope parameter }/fff .
When MIDAS-Q is fitted to the return series in-
stead of the volatility-filtered residuals, 7/;‘1” is es-

http://dx.doi.org/10.21511/imfi.18(3).2021.31

timated significant and negative at 1% significance
level across various assets for all three risk levels
and both the 5-step and 10-step holding periods,
except CAD/USD at 2.5% risk level and N225 at
5% risk level of the 10-step holding period. These
results suggest that a left-tail loss brings a certain
degree of momentum to a positive return in the
next period. The unanimous negative tail depend-
ence in the return series is due to the combined
effect of the second and third-moment dynamics,
considering the positive tail dependence in the
error term along revealed by the F-MIDAS-Q re-
sults. Besides, 7;’1]“ is estimated greater for a longer
holding period, again implying the existence of a
mean-reverting pattern. Another difference is that
the intercept ]/?:g is generally estimated smaller
in MIDAS-Q than in F-MIDAS-Q, it might be due
to the decreasing trading volume when the disa-
greement among investors is gradually reduced
(Chen et al., 2001). This comparison between the
results of estimating F-MIDAS-Q and MIDAS-Q
shows that the F-MIDAS-Q framework may be
more flexible to capture the third moment dynam-
ics other than the second moment, therefore, to re-
veal more details in the investor behavior.

To conclude, the F-MIDAS-Q model has an addi-
tional advantage in modeling the tail risk besides
the flexible utilization of lagged information ren-
dered by the weighting function in the MIDAS-Q
framework. F-MIDAS-Q models the multi-step
quantiles separately from the multi-step volatility,
thus shedding a light on the detailed dynamics in
the tail distribution, which vary with assets, quan-
tile levels, and holding periods.

3.3. Evaluation of forecasting
performance

A rolling window approach is adopted to obtain
a series of out-of-sample multi-step VaR forecasts.
In specific, the models are estimated with 1,500
daily observations and can generate forecasts for
the next 5-step or 10-step VaR. Then, the window
moves 5-step or 10-step ahead and uses the up-
dated 1,500 daily observations to re-estimate the
models and predict for the next 5-step or 10-step
VaR. This procedure is repeated until it comes to
the last observation of the 6,640. In the end, 1,028
out-of-sample 5-step forecasts and 514 out-of-
sample 10-step forecasts for VaR are obtained.
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-step and 10-step VaR for the FTSE100 index

at the 2.5% risk level

To visually evaluate the out-of-sample forecasting
performance, Figure 1 shows the FTSE100 index
forecasts from selected models for both holding
periods at the 2.5% risk level. As expected, DR-
HS produces the least responsive forecasts, and
the forecasts by MIDAS-Q tend to be influenced
by extremely large positive or negative returns
and usually are more conservative than the fore-
casts from other models during the highly volatile
down-side market. As F-MIDAS-Q employs a sim-
ilar GARCH framework for modeling conditional
volatility, its risk forecasts are very close to those
from IT-GARCH and IT-EWMA and are less in-
fluenced by extreme values than the MIDAS-Q
model, but still produces the second-most con-
servative risk forecasts. Detailed forecasting per-
formance will be illustrated by the formal and in-
formal tests.

378

Table 1 summarizes the testing results of the for-
mal and informal tests. First, the ratio between the
VolRate and the nominal risk level, p,, defined in
Section 2.2, is an informal test for the accuracy of
the risk forecasting performance and is calculated
for each risk level and each asset. Then, the aver-
age p, (denoted by Mean of p_ ) and the stand-
ard deviation of p, from 1 (denoted by Std. of p,

) for each model across the ten assets are calcu-
lated and presented in Column (1)-(2) and (3)-(4)
in Table 1 for 5-step and 10-step VaR, respectively.
Clearly, at the 1% risk level, the IT-GARCH-t and
SR-GARCH-t model generate the most favora-
ble risk forecasts, whose average violation rate is

closest to the nominal risk level with the small-
est deviation, for both 5-step and 10-step VaR.
However, the average risk levels are still underes-
timated by these two models, resulting in 17% to
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23% more violations than desired. When it comes
to the Basel III recommending risk levels at 2.5%
and 5%, the MIDAS type models begin to show an
advantage in VaR forecasting and both rank the top
two most favored models at 5-step VaR forecast, es-
pecially F-MIDAS-Q is most favored for 5-step 5%
VaR forecast with average violation rates only 1%
above the desired level and second smallest devia-
tion. F-MIDAS-Q model maintains the advantage
in 10-step VaR forecasting, it ranks second in the
average o and turns out to be the best in terms of
the deviation of p, from 1 for & =2.5% and 5%.

Columns (5)-(6) and (7)-(8) summarize the counts
of rejections by the seven formal likelihood tests
defined in Section 2.2, across the ten assets for
each model, for 5-step and 10-step VaR forecasts
respectively. In particular, the counts are summa-
rized with and without the number of rejections of
the TBF type tests. The reason is as follows. Since
the sample for backtesting the 5-step and 10-step
VaR is greatly reduced in size compared to the
sample for 1-step forecasts, the time-between-fail-
ure shrinks proportionally, and the TBF and TBFI
test are more likely to reject the independence
among violations. This sample size effect may
be exaggerated for the quantile regression mod-
els as their nature is to depict the dependence in

the tails. Therefore, it helps to remove the poten-
tial influences of sample size by also reporting
the number of rejections without the rejections of
TBF-related tests. First, the total counts including
the TBF type tests are examined. For 1% VaR, IT-
GARCH-t and SR-GARCH-t models are still most
favored by the likelihood ratio tests, rejected twice

and 5 times for 5-day and 10-day holding period
respectively. At the 2.5% risk level, F-MIDAS-Q
and MIDAS-Q are the top two forecasting models

for 5-step VaR, while IT-GARCH-t and IT-EWMA
are most preferred by the tests for 10-step VaR.
When o = 5%, MIDAS-Q and F-MIDAS-Q rank
the top two models, while the IT"TEWMA model

has the same number of rejections as F-MIDAS-Q.
Obviously, F-MIDAS-Q and MIDAS-Q model suf-
fer more influence of the dependence among vi-
olations. For example, after removing the results

of the TBF type tests, the number of rejections

reduces from 9 to 1 for 5% 10-step VaR, while it
reduces from 9 to 3 for IT-EWMA. Therefore, it is

reasonable to consider the results of the formal test

are consistent with those of informal tests, and the

quantile regression models generate the best 2.5%

and 5% multi-step VaR forecasts.

Columns (9) and (10) summarize the number of
times that each model ranks among the top 3 out

Table 1. Summary of testing results for the out-of-sample 5-step and 10-step VaR forecasts

(1) 2 3) ()

(5) (6) () (8) (9

Py Py Pa Pa

a | Model : Meanof @ Std.of : Meanof : Std.of

iW/OE

: 3 i w/0 %#ofTopi
§W/TBF§ TBF ; i

W/TBF  TBE  Rank

ORHS
SR-GARCHE
IT-EWMA

0.01

- 32

IT-GARCH-t
MIDAS-Q 1

DRHS

IT-EWMA
[T-GARCH:t
MIDA>-Q
L EMIDAS-Q

FMIDASQ 129 0391 | 167 080 5 1. 127 6 A4

SRGARCHt | 123 031 126 0365 16 9 . 1 S AT

DR-HS

ITEWMA 107 0100
IT-GARCH-t
MiDAS-Q
‘F-MIDAS-Q

0.05

SREGARCHT IR

-
N
w:w:un

Note: At each risk level and each holding period, the two top-performing models are selected according to each criterion.
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of 6 models with the smallest loss function de-
fined in Section 2.2, across ten assets, for each
risk level and each holding period. According to
this measurement, the maximum value of this in-
dicator is hence 10. For 1% VaR forecast, each of
ST-GARCH-t and IT-GARCH-t is among the top
3 models for ten times. For 2.5% and 5% 5-step
and 5% 10-step VaR forecast, F-MIDAS-Q and
IT-EWMA rank among the top 3 models most
frequently. For 2.5% 10-step VaR forecast, two
models with the iterating method are the most

frequently top-ranked models. To conclude, the
validity testing results stay almost the same as the
accuracy testing results. Especially, comparing the
performance of F-MIDAS-Q with MIDAS-Q, the
former performs more consistently in risk fore-
casting with different holding periods than the lat-
ter. A distribution-free F-MIDAS-Q specification
can reduce the model misspecification caused by
incorrect assumptions on residuals, thus provide
equivalently adequate if not better VaR forecasts
than the classical models.

CONCLUSION

Does multi-step risk forecasting gain from modelling high moments separately from the second
moment? This paper addresses the information loss problem during the data conversion and aggre-
gation in the classical methods for multi-step VaR forecasting. This paper designs a framework to
estimate the multi-step quantiles of the return distribution and the multi-step volatility separate-
ly. A volatility-filtered MIDAS quantile regression is proposed to capture the quantile dynamics
of the error term in a classical GARCH framework. The proposed model is illustrated with real
return series of ten assets and generates 5-step and 10-step 1%, 2.5%, and 5% VaR forecasts. The
estimation results with real data provide evidence for the distinct tail behavior of the error term.
Other than the unanimous negative tail in the return series across the ten assets, around half of the
assets show positive tail dependence for the volatility-filtered error term, revealing the existence
of higher moment risk. It thus confirms the necessity to model the third moment separately in the
multi-step VaR forecasting. Formal and informal test results on the out-of-sample forecasts show
that the proposed model delivers satisfactory forecasting performance, and outperforms the com-
peting models in certain scenarios. Therefore, this paper serves as a supplement to the literature
of the multiple-step VaR forecasting and constitutes the basis for decision making when used in
combination with other traditional methods.

AUTHOR CONTRIBUTIONS

Conceptualization: Qian Chen, Xiaoxuan Huang.
Data curation: Xiaoxuan Huang.

Formal analysis: Xiaoxuan Huang.

Investigation: Qian Chen, Xiang Gao, Xi Li.
Methodology: Qian Chen, Xiang Gao, Xi Li.
Project administration: Qian Chen.

Supervision: Xiang Gao, Xi Li.

Validation: Qian Chen, Xiang Gao, Xiaoxuan Huang, Xi Li.
Visualization: Xiaoxuan Huang.

Writing - original draft: Xiaoxuan Huang.
Writing - review & editing: Xiang Gao, Xi Li.

ACKNOWLEDGMENTS

The authors are grateful to the editor and an anonymous referee. This research is sponsored by the
National Natural Science Foundation of China (Award Number: 71501117). All remaining errors are
our own.

380

http://dx.doi.org/10.21511/imf1.18(3).2021.31



REFERENCES

Investment Management and Financial Innovations, Volume 18, Issue 3, 2021

1. Abad, P, Benito, S., & Lopez, C.
(2014). A comprehensive review
of Value at Risk methodologies.
Spanish Review of Financial
Economics, 12(1), 15-32. https://
doi.org/10.1016/j.srfe.2013.06.001

2. Allen, D. E., & Singh, A. K. (2010).
CAViaR and the Australian
stock markets: An appetiser.
SSRN. http://dx.doi.org/10.2139/
ssrn.1639304

3. Andreou, E, Ghysels, E., &
Kourtellos, A. (2010). Regression
models with mixed sampling
frequencies. Journal of
Econometrics, 158(2), 246-261.
https://doi.org/10.1016/j.jeco-
nom.2010.01.004

4. Angelidis, T, Benos, A., &
Degiannakis, S. (2004). The
use of GARCH models in VaR
estimation. Statistical Methodology,
1(1-2), 105-128. https://doi.
org/10.1016/j.stamet.2004.08.004

5. Baillie, R. T., Bollerslev, T.,
& Mikkelsen, H. O. (1996).
Fractionally integrated generalized
autoregressive conditional
heteroskedasticity. Journal
of Econometrics, 74(1), 3-30.
https://doi.org/10.1016/S0304-
4076(95)01749-6

6. Barone-Adesi, G., Giannopoulos,
K., & Vosper, L. (1999).
VaR without correlations
for portfolios of derivative
securities. Journal of Futures
Markets, 19(5), 583-602. https://
doi.org/10.1002/(SICI)1096-
9934(199908)19:5<583::AID-
FUT5>3.0.CO;2-S

7.  Barone-Adesi, G., Giannopoulos,
K., & Vosper, L. (2002).
Backtesting derivative portfolios
with Filtered Historical Simulation
(FHS). European Financial
Management, 8(1), 31-58. https://
doi.org/10.1111/1468-036X.00175

8.  Bekiros, S. D., & Georgoutsos,
D. A. (2005). Estimation of
Value-at-Risk by extreme value
and conventional methods: A
comparative evaluation of their
predictive performance. Journal
of International Financial Markets
Institutions and Money, 15(3),

http://dx.doi.org/10.21511/imfi.18(3).2021.31

10.

11.

12.

13.

14.

15.

16.

17.

209-228. https://doi.org/10.1016/j.
intfin.2004.05.002

Bollerslev, T. P. (1986). Generalized
conditional heteroscedasticity.
Journal of Econometrics, 31(3), 307-
327. https://doi.org/10.1016/0304-
4076(86)90063-1

Bollerslev, T., Chou, R. Y., &
Kroner, K. E (1992). ARCH
modeling in finance: A review of
the theory and empirical evidence.
Journal of Econometrics, 52(1-2),
5-59. https://doi.org/10.1016/0304-
4076(92)90064-X

Braun, P. A,, Nelson, D. B,, &
Sunier, A. M. (1995). Good
news, bad news, volatility,

and betas. Journal of Finance,
50(5), 1575-1603. https://doi.
org/10.1111/}.1540-6261.1995.
tb05189.x

Brummelhuis, R., & Kaufmann, R.
(2007). Time-scaling of value-at-
risk in GARCH(1,1) and AR(1)-
GARCH(1,1) processes. Journal
of Risk, 9(4), 39-94. https://doi.
org/10.21314/JOR.2007.151

Caporin, M. (2008). Evaluating
Value-at-Risk measures in
presence of long memory
conditional volatility. Journal of
Risk, 10(3), 79-110. http://doi.
org/10.21314/JOR.2008.172

Chen, J., Hong, H., & Stein, J.

C. (2001). Forecasting crashes:
Trading volume, past returns,
and conditional skewness in
stock prices. Journal of Financial
Economics, 61(3), 345-381.
https://doi.org/10.1016/S0304-
405X(01)00066-6

Christoffersen, P. F. (1998).
Evaluating interval forecasts.
International Economic Review,
39(4), 841-862. http://doi.
0rg/10.2307/2527341

Conrad, C., & Loch, K. (2015).
Anticipating long-term stock
market volatility. Journal of Applied
Econometrics, 30(7), 1090-1114.
https://doi.org/10.1002/jae.2404

Degiannakis, S., & Potamia, A.
(2017). Multiple-days-ahead
value-at-risk and expected
shortfall forecasting for stock

18.

19.

20.

21.

22.

23.

24.

25.

indices, commodities and
exchange rates: Inter-day versus
intra-day data. International
Review of Financial Analysis, 49,
176-190. https://doi.org/10.1016/j.
irfa.2016.10.008

Ding, Z., Granger, C. W. ], &
Engle, R. E (1993). A long
memory property of stock market
returns and a new model. Journal
of Empirical Finance, 1(1), 83-106.
https://doi.org/10.1016/0927-
5398(93)90006-D

Engle, R. E (1982). Autoregressive
conditional heteroscedasticity
with estimates of the variance

of United Kingdom inflation.
Econometrica, 50(4), 987-1007.
https://doi.org/10.2307/1912773

Engle, R. F, & Manganelli, S.
(2004). CAViaR: Conditional
autoregressive value at risk by
regression quantiles. Journal of
Business and Economic Statistics,
22(4), 367-381. Retrieved from
https://www.jstor.org/sta-
ble/1392044

Engle, R. E, Ghysels, E., & Sohn, B.
(2013). Stock market volatility and
macroeconomic fundamentals.
Review of Economics and Statistics,
95(3), 776-797. https://doi.
org/10.1162/REST_a_00300

Fama, E. F. (1965). The behavior
of stock-market prices. Journal of
Business, 38(1), 34-105. Retrieved
from https://www.jstor.org/
stable/2350752

Furio, D., & Climent, F. J.

(2013). Extreme value theory
versus traditional GARCH
approaches applied to financial
data: A comparative evaluation.
Quantitative Finance, 13(1), 45-63.
https://doi.org/10.1080/14697688.
2012.696679

Ghysels, E. (2014). Conditional
skewness with quantile regression
models: SoFiE presidential

address and a tribute to Hal White.
Journal of Financial Econometrics,
12(4), 620-644. https://doi.
org/10.1093/jjfinec/nbu021

Ghysels, E., & Valkanov, R. (2012).
Forecasting volatility with MIDAS.
In Handbook of Volatility Models

381



Investment Management and Financial Innovations, Volume 18, Issue 3, 2021

26.

27.

28.

29.

30.

31.

32.

33.

34.

and Their Applications (pp. 383-
401). John Wiley & Sons.

Ghysels, E., Santa-Clara, P.,

& Valkanov, R. (2004). The 35.

MIDAS touch: Mixed data
sampling regressions (Cirano
Working Papers). Retrieved
from https://cirano.qc.ca/files/
publications/2004s-20.pdf

Ghysels, E., Santa-Clara, P., &

Valkanov, R. (2006). Predicting 36.

volatility: Getting the most

out of return data sampled at
different frequencies. Journal of
Econometrics, 131(1-2), 59-95.
https://doi.org/10.1016/j.jeco-
nom.2005.01.004

Ghysels, E., Sinko, A., &
Valkanov, R. (2007). MIDAS
regressions: Further results and
new directions. Econometric
Reviews, 26(1), 53-90. https://doi.

org/10.1080/07474930600972467 38.

Giot, P., & Laurent, S. (2003).
Value-at-Risk for long and
short trading positions. Journal

of Applied Econometrics, 18(6), 39.

641-663. https://doi.org/10.1002/
jae.710

Jian, Z., Zeng, Y., & Liu, X. (2016).
A study on the overnight risk of
CSI 300 stock index futures based
on the CAViaR model. Chinese
Management Science, 24(9), 1-10.

(In Chinese). 40.

Karmakar, M. (2013). Estimation
of tail-related risk measures in
the Indian stock market: An
extreme value approach. Review
of Financial Economics, 22(3),
79-85. https://doi.org/10.1016/j.
rfe.2013.05.001

Kinateder, H. (2016). Basel

II versus III: A Comparative
Assessment of Minimum Capital
Requirements for Internal Model
Approaches. Journal of Risk, 18(3),
25-45. https://doi.org/10.21314/
JOR.2016.325

Koenker, R., & Bassett, G.
(1978). Regression quantiles.
Econometrica, 46(1), 33-50.
https://doi.org/10.2307/1913643

Koenker, R., & Park, B. J.
(1996). An interior point
algorithm for nonlinear
quantile regression. Journal of

382

37.

41.

42.

Econometrics, 71(1-2), 265-283. 43,

https://doi.org/10.1016/0304-
4076(96)84507-6

Kuester, K., Mittnik, S., & Pao-
lella, M. S. (2006). Value-at-Risk
prediction: A comparison of
alternative strategies. Journal of

Financial Econometrics, 4(1), 53- 44,

89. https://doi.org/10.1093/jjfinec/
nbj002

Kupiec, P. (1995). Techniques

for verifying the accuracy of risk
measurement models. The Journal
of Derivatives, 3(2), 73-84. https://
doi.org/10.3905/j0d.1995.407942

Lonnbark, C. (2016).
Approximation methods for
multiple period Value at Risk and
Expected Shortfall prediction.
Quantitative Finance, 16(6), 947-
968. https://doi.org/10.1080/14697
688.2015.1117647

Lopez, J. A. (1996). Regulatory
Evaluation of Value-at-Risk Model.
SSRN. http://doi.org/10.2139/
ssrn.1577

Lux, T., & Kaizoji, T. (2007).
Forecasting volatility and volume
in the Tokyo Stock Market:

Long memory, fractality, and
regime switching. Journal of
Economic Dynamics and Control,
31(6), 1808-1843. https://doi.
0rg/10.1016/j.jedc.2007.01.010

Marecellino, M., Stock, J. H.,

& Watson, M. W. (2006). A
comparison of direct and
iterated multistep AR methods
for forecasting macroeconomic
time series. Journal of
Econometrics, 135(1-2), 499-526.
https://doi.org/10.1016/j.jeco-
nom.2005.07.020

McNeil, A. J., & Frey, R. (2000).
Estimation of tail-related risk
measures for heteroscedastic
financial time series: An extreme
value approach. Journal of
Empirical Finance, 7(3-4), 271-300.
https://doi.org/10.1016/S0927-
5398(00)00012-8

Patton, A. J. (2004). On the out-
of-sample importance of skewness
and asymmetric dependence

for asset allocation. Journal of
Financial Econometrics, 2(1),
130-168. https://doi.org/10.1093/
jjfinec/nbh006

So, M. K. P, & Wong, C. M.
(2012). Estimation of multiple
period expected shortfall

and median shortfall for risk
management. Quantitative Finance,
12(5), 739-754. https://doi.
org/10.1080/14697681003785967

Taylor, J. W. (2005). Generating
volatility forecasts from Value

at Risk estimates. Management
Science, 51(5), 679-849. https://doi.
org/10.1287/mnsc.1040.0355

http://dx.doi.org/10.21511/imf1.18(3).2021.31



Investment Management and Financial Innovations, Volume 18, Issue 3, 2021

APPENDIX A

Table Al. Descriptive statistics of daily, 5-day, and 10-day returns

CAD/ | EUR/ | USD/
USD : USD : GBP
- =0.002 : -0.005

Data Frequency Descriptive, \spaQs&P 500 HSI FTSE100 N225 OIL = GOLD

and Sample Size | Statistics !
; Mean ;

0.018 -0.001 :

Daily: 6640
S

Kurtosis

0008 | -0.010  -0.026

................................. s
15204 0 4725 9203

. 0.016 -0.019 { -0.052

10-day: 664

0787

: 12.668 : 3.641 : 6.663

Kurtosis @ 7178 i 12.226 : 6.524 : 8.666 : 7.834 :

Table A2. Estimation of the GARCH(1,1)-t components in the F-MIDAS-Q model

Panel A. Stock Indices

Parameter NASDAQ S&P500 HSI FTSE100 N225

0.033%** 0.024%** 0.016** 0.029%** 0.050***

B B S - N

G817

0.864%** 0.837%%* 0.942%** 0.854%%* 0.883%**

A e e ey

0.116%** 0.162%** 0.048*** 0.127%** .

(04 T :
b (5.69) (5.89) (4.78) ey

(46.72)
0.097***
(5.95)

4.78

v 4.67 3.90 5.58 4.89 :

a+pB 0.980 0.999 0.990 0.981 0.980

Panel B. Commodity and Exchange Rates
Parameter OIL GOLD CAD/USD EUR/USD USD/GBP

0.015 0.010** 0.003** 0.002**

aO ............................. .
(1.95) (2.13) (2.22) (2.35)
0.943%* 0.966%** 0.941%** 0.965%** : 0.956***

. ﬁl (100.79) . (1216 (81:54) o (13797)

(120.53)

0.037%**
(4.97)

0.055*** 0.026%** 0.050%** 0.035%** :

% (5.56) o (386) (5.04) s

v 5.68 3.90 9.00 7.42 5.85

a+p 0.998 0.992 0.991 0.999 0.994

Note: t-values are reported in brackets; *, **, and *** indicate that the estimated parameter is significant at the 10%, 5%,
and 1% levels, respectively.
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Table A3. Parameter estimation of F-MIDAS-Q model under the 5-step holding period

O Parameter:NASDAQ: S&P500 : HIS FTSE100: N225 : OIL : GOLD :CAD/USD:EUR/USD: USD/GBP
© 0015 —9.025%** —11.30%%* | _3.800%#* |8 163%**  _13.90%** —6.131%*F* 7 205*** 6 GTE*HK _6 109 *F* | 2 027***
e isoy (-2.48)
4.630*** —4.846%*
0.01 }/12'(;1’5
i (2:89) (-2.51)
o)’ 2106 0.985
 omss ey
7F0 ¢ (-2.91)
5.342* —1.882%*
0.025 7/2'(125’5
i (278 (-2.35)
w7 1ses 0.912
0055 -6.084%** T euwn
e 6.88) (-2.23)
3.273*** —2.408**
0.05 }/2_'(;5’5 LTI T
B (-2.25)
"7 1.368 0.984

Note: the first column indicates the confidence level; t-value of parameter estimation is reported in brackets; *, **,
and *** indicate that the estimated parameter is significant at the 10%, 5%, and 1% levels, respectively.

Table A4. Parameter estimation of F-MIDAS-Q model under the 10-step holding period

O ‘Parameter NASDAQ | S&P500 . HSI  FTSEI00 N225 = OIL = GOLD CAD/USD EUR/USD USD/GBP
© 0015 —9.213%F* 6A4QQFFF (8 130% K% (5 777RKE G 7O3KKE 13 IFFFE G 9OANEK _]0.48%*F | —3117 | -3.525%*
F.0 (-320) . (-359) . (2291) . (-3.34) . (-5.25) . (-9.65) : (-14.99) . (-5.64) = (-142) . (-2.11)
0oL L0015 -1.926%** | -0.948**  —3478** | 2.800%* | 6.137*** | 3301*** | 5031%* | _E0I5*F  567F**
: V. (-2.79) | (-247) © (-2.49) | (-265) = (351) . (3.63)  (212) | (-2.08)  (-2.59)
)™ 16851 | 0582 . 11938  30.108 . 10.856 : 29.966 . 2675 . 1017 . 0951
""""""""" 0.025,5 B —5.267*** —7.090*** (-4 653*** (-5 688*** (—8.879*** 1_8.842*** 1] 39*** {7 367***
Yro (-6.94) : (-3.39) . (-2.99) | (-8.00) : (-6.13)  (-13.22) . (-10.66) = (-9.68)
005 400253 | S1.241%* | 0484  -3.049%*  —1892** | 2.610%** | 3.445%K* | 7457%*x 1739w
. Vr (=2.19) i (-1.17) | (-2.46) | (-2.02) (3.36) (3.74) (5.36) (3.24)
2‘025’5 28.664 2.247 8.431 43.970 9.209 17.137 1.004 26.149
0.05,5 B —3.034*** (-8 295%** | D 797** [ _3469%* (7 A57*** {_7164*** 1-10.22%** —6.389***
Vro (-2.64) i (-5.84) | (=2.16) | (=2.54) i (-7.38) | (-<10.73) | (-9.90) | (-7.35) -
005 | 40055 —2.691* | 3.901**  —3756%F | 2466 . 2.492%* | 2.682*** | 6.889%** | 1490%* | —1.904**
: Ve (-1.67) | (203)  (217) | (-133) . (2.08) . (2.98) | (512) | (2.32)
C();_)JOS’S 33.765 5.957 2.313 4.311 6.179 6.736 16.226 0.971 13.895 1.013

Note: the first column indicates the confidence level; t-value of parameter estimation is reported in brackets; *, **, and ***
indicate that the estimated parameter is significant at the 10%, 5%, and 1% levels, respectively.
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